Topological complexity was first introduced in 2003 by Michael Farber [Far03] as a homotopy invariant for a connected topological space X, denoted by TC(X). Although the invariant is defined in terms of elementary homotopy theory using well-known Serre path fibration, not many examples are known to be determined concretely by now. In 2010, Iwase and Sakai showed that the topological complexity of a space is a fibrewise version of a L-S category for a fibrewise space over the space. In this paper, we determine the topological complexity of S 3 /Q 8 using a method produced from the fibrewise view point.
Farber and Grant have introduced in [Far03, FG08, FG07], a computable numerical invariant called TC-weight, defined in terms of Schwarz genus as follows: Let G be an abelian group. Definition 1.3. Let p : E → B be a fibration. Then, for a non-zero element u ∈ H * (B; G), we denote by wgt p (u; G) the largest integer k ≥ 0 such that f * (u) = 0 ∈ H * (Y ; G) among all maps f : Y → B with genus(f * π) < k, and we denote wgt p (0; G) = ∞. For the Serre path fibration π : Map(I, B) → B × B, we often abbreviate as wgt(u; G) = wgt π (u; G).
Proposition 1.4. For non-zero element u ∈ H * (X ×X; G), we have tc(X) ≥ wgt(u; G).
Proposition 1.5. For u ∈ H * (X ×X; G), we have wgt(u; G) ≥ 1 ⇐⇒ u|∆ X = 0 ∈ H * (X; G).
Proposition 1.6. Let R be a ring with unit. THen for any u, v ∈ H * (X ×X; R), the cup product uv ∈ H * (X ×X; R) satisfies wgt(uv; R) ≥ wgt(u; R) + wgt(v; R).
Please note that we might drop the coefficient groups from the above notations, if there are no confusions.
On the other hand in 1995, James [Jam95] introduced a fibrewise version of a L-S category for a fibrewise space. Using the notion established in [Jam95] , Iwase and Sakai [IS10] showed that tc(X) can be interpreted as a kind of fibrewise L-S category of a fibrewise space E defined as follows: Let E = (X×X, pr 2 , X, ∆) be a fibrewise space, where pr t : X ×X → X denotes the t-th projection and ∆ : X → X ×X is the diagonal map. The following theorems are the key to our main result.
Theorem 1.7 ([IS10]). For a space X, we have the following equality.
. Let E be a fibrewise pointed space over X and m ≥ 0.
Definition 1.9 ([IS10]). For any u ∈ H * (E; R), we define
where e E m denotes the fibrewise map P m
The main result in this paper is described as follows.
Theorem 1.10. Let S 3 /Q 8 be the quotient space of S 3 by the standard action of the quaternion group Q 8 ⊂ SO(4). Then we obtain tc(S 3 /Q 8 ) = cat * B (S 3 /Q 8 ) = 6. We show the theorem by using the following two lemmas which is obtained by concrete computations of weight of the element in the top dimension.
Lemma 1.11. Let z be a cocycle representing the generator of H 6 (X; F 2 ), where X = S 3 /Q 8 ×S 3 /Q 8 . Then there is a cochain u satisfying δu = (e X 5 ) * (z).
The paper is organised as follows. In Section 2, we determine the ring structures of H * (N n (2); F 2 ) using the CW decomposition obtained by Kenso Fujii [Fuj73] . The above lemmas are shown in Section 3. In Section 4, we show the main result. The author express his gratitude to ...
The cohomology ring of N n (m)
The spherical space form S 3 /Q 8 is nothing but the manifold N n (m) introduced by K. Fujii [Fuj73] in case when n = 0 and m = 2. So we study the structure of the cohomology ring of N n (m) in a slightly general situation of m = 2 and n ≥ 0, using the cell-structure and the cohomology groups of general N n (m) obtained in [Fuj73] .
2.1. CW-structure of N n (m). Let H be the skew-field of quaternion numbers, generated over R by 1, i, j and k = ij with i 2 = j 2 = −1 and ij = −ji. We denote H m the generalised quaternion group for m ≥ 2, which is defined by
As a special case, we obtain H 2 = Q 8 the quaternion group generated by i and j in H which is the subgroup of S 3 the unit sphere of H. More generally, H m can be represented as the subgroup of S 3 :
x = exp(πi/2 m−1 ) and y = j.
Using the above notions, Fujii introduced N n (m) in [Fuj73] as the quotient manifold S 4n+3 /H m from S 4n+3 = {(q 1 , . . . , q n+1 ) ∈ H n+1 |q 1 | 2 +· · ·+|q n+1 | 2 = 1} by the natural action of H m as follows:
In this paper, we use the following finite cell decomposition of the manifold N n (m) due to Fujii [Fuj73] .
Theorem 2.1 ([Fuj73, Lemma 2.1]). The manifold N n (m) can be decomposed as the finite cell complex whose cells are given by e 4k+s and e 4k+t i for 0 ≤ k ≤ n, s = 0, 3, t = 1, 2 and i = 1, 2, where e 4k+s is a 4k+s-cell and e 4k+t i is a 4k+t-cell. Moreover their boundary formulas are given as follows:
Let us remark that the submanifold N n−1 of N n is a subcomplex of N n with respect to the above cell decompostion.
2.2. The cohomology ring of N n (2). Firstly, we give a description of the homology groups of N n (m) by using the CW decomposition of N n (m) given in Theorem 2.1 due to Fujii [Fuj73] .
Proposition 2.2. The homology and cohomology groups of N n (m) are given as follows, where Z d denotes the cyclic group of order d and F 2 denotes the prime field of order 2:
otherwise.
Secondly, we must determine the ring structure of H * (N n (2)) using Serre spectral sequence for the fibration
where π = Q 8 and X = S 3 /π.
As is seen later in this section, this spectral sequence collapses at the fifth term.
Proof. The proof is divided into several steps.
(step1) We show that Bockstein operation β 2 : H 1 (Bπ; Z 2 ) → H 2 (Bπ; Z 2 ) is an isomorphism. The extension of abelian groups
induces the following long exact sequence, since H 1 (Bπ; Z) = H 3 (Bπ; Z) = 0.
Here, 2 * is the homomorphism induced from a twice map 2 : Z → Z and is also a twice map. Then by Proposition 2.2, we have 2 * = 0, and hence π * and δ are isomorphisms. Hence by the definition of Bockstein operation, we obtain that β 2 = π * • δ is an isomorphism.
(step2) x 2 + y 2 + xy = x 3 = y 3 = 0. Let us first consider the cell structure given by the Bar resolution. Let x and y be cocycles given by the following formula.
Our gorl is to find v ∈ C 1 (Bπ) such that δv = x 2 + xy + y 2 . In fact, we can see that if we defined v as follows: Therefore, x 2 = xy 2 is a generator of H 3 (Bπ; F 2 ) and the proof ends with the standard arguments on the spectral sequence above.
Corollary 2.4. H * (X; F 2 ) = Z 2 x, y /(x 3 , y 3 , x 2 + y 2 + xy)
Topological complexity of S 3 /Q 8
In this section we give a proof for the equation tc(X = S 3 /Q 8 ) = 6. Let us consider the cohomology ring with coefficients in F 2 .
Firstly, we show the following:
Proposition 3.1. cat(X) = 3 and 5 ≤ tc(X) ≤ 6.
Proof. By proposition 1.4, 1.5, and 1.6, we obtain
and 5 ≤ wgt(x 3ȳ2 ) ≤ tc(X) ≤ 2cat(X) = 6, wherex andȳ are zero divisors defined byx = 1 ⊗ x + x ⊗ 1 andȳ = 1 ⊗ y + y ⊗ 1 respectively.
From this proposition, our aim is to show that tc(X) is greater than 5. Therefore, it is sufficient to show that the homomorphism (e 5 ) * : H * (X ×X) → H * (P 5
B Ω B (X ×X)) is not injective. To proceed further, let us consider the following diagram, where the vertical maps are induced from inclusion map i : X × X → Bπ × Bπ. Let [z ⊗ z] be a generator of H 6 (Bπ ×Bπ) such that [i * (z ⊗z)] is a generator of H 6 (X ×X). If we can see that (e 5 ) * (z ⊗z) vanishes in H 6 (P 5
B Ω B (X ×X)), the homomorphism (e 5 ) * is not injective. The following lemma is well known (cf. M. C. Crabb and W. A. Sutherland [CS00, prop 3.1]), when m = ∞.
In this case, we assume that K = S ∞ × ad π, P m π is the m-skelton of Bπ with the cell structure given by the Bar resolution, and the adjoint action of π given as follows:
Since S ∞ is contractible, there is a homotopy H : S ∞ × I → S ∞ from identity map to constant map, and we describe adjoint map adH :
so f inducesf : Ω B (Bπ × Bπ) → K, and the restriction off to each fibre is homotopy equivalence since Bπ is a K(π, 1). Then by [Jam95] ,f is a fibrewise homotopy equivalence. In addition,f is a fibrewise A ∞ -map since each fibre of K → Bπ is a discrete set. Therefore,
The cell structure of P m B K is discribed by product cells of S ∞ and P m π.
Next, we describe the boundary formula up to dimension 3. By Lemma 2.1, the 3-skelton of S ∞ can be visualised as follows. We can update Diag.1 using lemma 3.2. Since We are replacing the space with
another space with homotopy equivalence, the above figure is not commutative. However, it does not cause problems when discussing the injectivity of the homomorphism (e 5 ) * . In particular, the Diag.2 become commutative because we concider cohomology with F 2 coefficient. We can discribe (ι) * (e 5 ) * (z⊗z) explicitly:
Crealy, the boundary homomorphism δ : C 5 (S 3 × ad P 5 π) → C 6 (S 3 × ad P 5 π) is a liner map between vector spaces C 5 (S 3 × ad P 5 π) and C 6 (S 3 × ad P 5 π) whose basises are the set of 5 and 6-cells [σ|ω], σ ∈ S 3 /Q 8 , ω ∈ P * π respectively. Therefore, in order to find a u ∈ C 5 (S 3 × ad P 5 π) such that δu = (ι) * (e 5 ) * (z⊗z), we just calculate the rank of δ. However, this calculation is very hard even if we use a computer, so we suppose that one element satisfying δu = (ι) * (e 5 ) * (z ⊗ z) can discribed as cup
In this case, we can solve the simultaneous equations δu = (ι) * (e 5 ) * x using a computer and in fact, such u exists.
Theorem 3.4. tc(X) = wgt B (X) = wgt B (z ⊗ z) = 6.
Proof. By the above argument, we have and z ⊗ z = 0. So it implies wgt B (X) ≥ 6. On the other hand, Theorem 3.1 we have tc(X) ≤ 2cat(X) ≤ 6 therefore, 6 ≤ wgt B (X) ≤ tc(X) ≤ 2cat(X) = 6. (f x |b x ) y = 0 end end /* the tuple (f x |b x ) consists of 0 or 1 */ add t (f x |b x ) to F end A = t F = t [ t (f x1 |b x1 ), . . . , t (f xn |b xn )] xi∈C4
Algorithm 1: algorithms to create augmented matrix A
